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Abstract. In this paper, by using an almost increasing and 5-quasi-monotone 
sequence, a general theorem on <p — | C, a L summability factors, which generalizes a 
result of Bor 1 3 1 on <p— C, 1 \ k summability factors, has been proved under weaker and 
more general conditions. 
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1. Introduction 

A sequence (b„) of positive numbers is said to be 5-quasi-monotone, if b n — > 0, b n > 
ultimately and Ab n > — 8„, where (5„) is a sequence of positive numbers (see |3|). Let 
(<p„) be a sequence of complex numbers and let £a„ be a given infinite series with partial 
sums (s„). We denote by a" and t" the nth Cesaro means of order a, with a > — 1, of 
the sequences (s„) and (na„), respectively, i.e., 

<=^ix-^, (i) 

n n v= 

tf = it^->v, (2) 



A n v =l 



where 



A° = 0(n a ), a>-l, Ag = l and A a n = for n > 0. (3) 
The series is said to be summable C, a \ k , k > 1 and a > —1, if (see |6|) 

in k -'\^-a^\ k =^ l -\t^\ k <^ (4) 

n= 1 n= 1 

and it is said to be summable |C,a;j3 \ k , k> 1, a > — 1 and j3 > 0, if (see |7|) 

£ n' 3 ^- 1 | a« - a«_, | A = f n^- 1 |C |*< oo. (5) 

«= 1 /J= 1 

The series Y* a n is said to be summable <p — |C, (X \ kt k > 1 and a > — 1, if (see |2|) 

f>-*|<p„C| A <-. (6) 

n=l 
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In the special case when <p„ = n 1- I (resp. <p„ = n' 3+1_ ^ ) 9 — | C, a \ k summability is the 
same as \ C,a L (resp. | C, a;j3 L) summability. Bor |4| has proved the following theorem 
for 9 — I C, 1 L summability factors of infinite series. 

Theorem A. Let (X n ) be a positive non-decreasing sequence and let (X„) be a sequence 
such that 

\X n \X n = 0{\) as «^oo (7) 

n 

Y^vX v |A 2 A,,|=0(1) as n^oo. (8) 

v=l 

If there exists an £ > such that the sequence (n e ~ k \ (p n \ k ) is non-increasing and 



£v-*|9^|*=0(^) as n^oo, (9) 
1 = 1 

then the series £a„A„ is summable <p— \ C,l\ k ,k> 1. 
2. The main result 

The aim of this paper is to extend Theorem A, by using an almost increasing and 5-quasi 
monotone sequence, under weaker and more general conditions for <p— | C, a \ k summa- 
bility. For this we need the concept of almost increasing sequence. A positive sequence 
(b n ) is said to be almost increasing if there exists a positive increasing sequence c„ and 
two positive constants A and B such that A(c„) < b„ < B(c„) (see (D). Obviously every 
increasing sequence is an almost increasing sequence, but the converse need not be true, 
as can be seen from the example b„ = ne^ x >. So we are weakening the hypotheses of the 
theorem in replacing the increasing sequence by an almost increasing sequence. 
Now, we shall prove the following: 

Theorem. Let (X„) be an almost increasing sequence and the sequence (A„) such that 
condition (7) of Theorem A is satisfied. Suppose that there exists a sequence of numbers 
(A n ) such that it is 8 -quasi monotone with £«A„X„ convergent and \ AA„ | < | A„ | for all n. 
If there exists an e > such that the sequence (n £ ~ k \ (p„ \ k ) is non-increasing and if the 
sequence (w™), defined by (see \ 

f \t«\, a = l 

< = { „ (10) 

[ maxi< v <„ \t" I, 0<a<l 

satisfies the condition 

m 

J>-*« I 0. 1)* = as m^oo, (11) 

n=\ 

then the series Y, a nhi is summable q>— \ C, (X \ k , k > 1, < CC < 1 and kCC + £ > 1. We 
need the following lemma for the proof of our theorem. 

Lemma 1. Q. IfO < a < 1 and 1 < v < n, then 



p=0 



< max 

l<m<v 



p=0 



Am-p a P 



(12) 
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3. Proof of the theorem 



Let (T"), with < a < 1, be the nth (C, a) mean of the sequence (na n X n ). Then, by (2), 
we have 



A n y=l 

Using Abel's transformation, we get 

v=l p=l 

so that making use of Lemma 1 , we have 



(13) 



A n y=l 



ICI<il|AAv| 



A a 

« v=l 



E A n-pP a P 
P=l 



\K\ 

acc 



1=1 



a-1 



<iE A > v a |AA v | + |A„|w« 

A « v=l 

-r"+r« 2 , say. 



Since 



l^i+7^l*<2 fc (|r« 1 |*+|7^| fe ), 
to complete the proof of the theorem, it is sufficient to show that 

CO 

En^|(p„Cl"<- for r=l,2, by (6). 

n=\ 

Now, when k > 1, applying Holder's inequality with indices and k', where j + jr = L 
we get 

m+l (n-1 1 * 

E«" fe i<p«^ii fc < E«~*«)~*i^n Ea>v"iaa v i 



m+l 

n=2 



v=l 



m+l 



n-1 



: o(i)E«-^- a *i<pwN E^«)*i A v 



n=2 



n-1 



v=l 



E i^v 



v=l 



m m+l -k I ,„ it 

:0(1)EV«V^|A V | E ^ 



V=l 



n=v+l 



n 



ak 



m m+l e-£ I „ \k 

= o ( i)Ev«Vv a ) ft |Avi E 



v=l 



n=v+l 



m m+l i 

= 0(l)Ev a W|Av|v £ - fc |<p v r E 



v=l 



n=v+l ' 



a£+£ 
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= 0(l)Zv ak (w?) k \A v \v £ - k \ (Pv \ k \ 

v=l Jv 
m 

= 0(l)£v|A v |v-*Kl9i-D* 

v=l 

m— 1 v 

= 0(l)LA(v|A v |)£r-*KI^D* 

v=l r=l 
m 



dx 



+ 0(l)m|A m | £v"Vv a |<Pvl)* 

v=l 

m— 1 

= 0(1) £ |A(v|A v |)|X v + 0(l)m|A m |X„ 



v=l 

m— 1 m— 1 

= 0(1) £ v |A V | X v + 0(1) £(v+l) |A V+1 1 X v 

1=1 v=l 

+ 0(l)m |A m |X m = 0(l) as m^°°, 

by virtue of the hypotheses of the Theorem. 

Again, since | X n | = 0(1 /X n ) =0(1), by (7), we have 

m in 

I »"* I ^ I" = I I A„ r 1 1 A„ I n-*« | % \) k 

m 

= 0{\)^\l n \n- k (w a n \<Pn\) k 

n=l 

m— 1 n 

= 0(1)£ |A|A„||£v-Vv l?V|)* 

n=l v=l 
m 

+ o(i)|A m | £«-*(< l^l)* 

n=l 

m-1 

= 0(1) £ |AA„|X„ + 0(l)|A ffl |X ffl 

n=l 
m— 1 

= 0(1) £ |A„|X n + 0(l)|A m |X m 
«=i 

= 0(1) as m^°o, 

by virtue of the hypotheses of the Theorem. 
Therefore, we get 

m 

Y, n ~ k \<PnT" r \ k =0(l) as m^oo, for r=l,2. 

n=l 

This completes the proof of the Theorem. 

If we take e = 1 and <p„ = n 1_ £ (resp. £ = 1 and <p„ = n^ +1 ~£), then we get a new 
result related to \ C,a \ k (resp. | C, a; j3 | t ) summability factors. 
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